Three dimensional Coulomb branches have a prominent role in the study of moduli spaces of supersymmetric gauge theories with 8 supercharges in 3, 4, 5, and 6 dimensions. Inspired by simply laced 3d N = 4 supersymmetric quiver gauge theories, we consider Coulomb branches constructed from non-simply laced quivers with edge multiplicity k and no flavor nodes. In a computation of the Coulomb branch as the space of dressed monopole operators, a center-of-mass U (1) symmetry needs to be ungauged. Typically, for a simply laced theory, all choices of the ungauged U (1) (i.e. all choices of ungauging schemes) are equivalent and the Coulomb branch is unique. In this note, we study various ungauging schemes and their effect on the resulting Coulomb branch variety. It is shown that, for a non-simply laced quiver, inequivalent ungauging schemes exist which correspond to inequivalent Coulomb branch varieties. Ungauging on any of the long nodes of a nonsimply laced quiver yields the same Coulomb branch C. For choices of ungauging the U (1) on a short node of rank higher than 1, the GNO dual magnetic lattice deforms such that it no longer corresponds to a Lie group, and therefore, the monopole formula yields a nonvalid Coulomb branch. However, if the ungauging is performed on a short node of rank 1, the one-dimensional magnetic lattice is rescaled conformally along its single direction and the corresponding Coulomb branch is an orbifold of the form C/Z k . Ungauging schemes of 3d Coulomb branches provide a particularly interesting and intuitive description of a subset of actions on the nilpotent orbits studied by Kostant and Brylinski [1]. The ungauging scheme analysis is carried out for minimally unbalanced C n , affine F 4 , affine G 2 , and twisted affine D (3) 4 quivers, respectively. The analysis is complemented with computations of the Highest Weight Generating functions.
Introduction
Past years have seen a tremendous amount of work directed towards deeper understanding and computations of Coulomb branches of 3d N = 4 quiver gauge theories [2] [3] [4] [5] [6] . Exploitation of 3d mirror symmetry [7] which allows to use the known description of Higgs branch to understand the Coulomb branch and vice versa, relies on one's ability to compute Coulomb branches of various families of quiver gauge theories (i.e. T σ ρ theories, Sicilian theories, minimally unbalanced theories, multiplicity-free varieties, etc.) [8] [9] [10] [11] . Furthermore, 3d Coulomb branches have also proven extremely useful in the recent studies of 4d [12] 5d [13, 14] and 6d [15, 16] Higgs branches. They also play a central role in quiver subtraction [17] , magnetic quivers [18, 19] , brane webs [20] and partial Higgs mechanism [21] . 1 There is a missing technical gap between the results brought to light over the years and a detailed computation of Coulomb branch variety for a given non-simply laced quiver. The gap is related to the choice of ungauging scheme. This note addresses the gap and explores the subtleties related to the number and structure of admissible Coulomb branches for a non-simply laced quiver theory. The main aim of this note is to establish and provide evidence for the following claim:
Claim 1 (Number of Coulomb branches): Every 3d N = 4 quiver theory prescribed by a non-simply laced quiver Q with single non-simply laced edge of multiplicity k, consisting solely of gauge nodes, admits at least k s + 1 different Coulomb branches, where k s is the number of rank 1 short nodes of Q modulo outer automorphisms of Q. 2 As previously mentioned, we consider quivers with solely gauge nodes and no flavor nodes. 3 The mathematical apparatus used for the computation of the Coulomb branch is built around Hilbert series (HS) [23] , which is a graded generating function which counts all gauge invariant operators in the chiral ring of a gauge theory [24] . In its unrefined form, it encodes information about the Coulomb branch algebraic variety such as its dimension, degree of generators, number and degree of relations. The unrefined form of the Hilbert series also suffices for an immediate comparison of volumes of two Coulomb branches, providing a necessary test for whether two Coulomb branches are related by an orbifold action. Furthermore, in its refined form (or related forms such as the Highest Weight Generating function (HWG) [25] or the modified Hall-Littlewood polynomials (mHL) [26] ) Hilbert Series makes the global symmetry (i.e. the isometry) of the Coulomb branch manifest. In particular, the refined form succinctly encodes all the representation content of the chiral ring under the global symmetry. Techniques for counting gauge invariant operators in a chiral ring involve the monopole formula [2] with further utilization of plethystic functions such as the Plethystic exponential (PE), and the Plethystic logarithm (PL) [27] . In a computation of a Coulomb branch for a flavorless quiver with purely gauge groups, one needs to ungauge (decouple) a residual center-of-mass U (1) symmetry. In case of a simply laced quiver, it can be easily shown that the choice of where to ungauge this U (1) is arbitrary and the computed Coulomb branch is invariant with respect to this choice (see Appendix A). By the sequel, the following claim holds:
Claim 2 (Number of Coulomb branches of a Simply Laced Quiver): A simply laced (unitary) quiver admits a single unique Coulomb branch.
Since most of existing literature is devoted to the study of simply laced unitary quivers, the 'non-uniqueness' of the Coulomb branch, which is manifested by choosing different node of a quiver to be ungauged, has largely been ignored. Despite not playing a crucial role for simply laced theories, in the case of non-simply laced quivers one must pay special attention to what we term as the choice of ungauging scheme. Results obtained in this note further indicate that the following claim holds: Table 1 . Results 4,5,6, and 7 of Table 1 in [1] , corresponding Coulomb branch quivers, actions and dimensions. Round and square nodes denote gauge and flavor groups, respectively. DU denotes an action on quivers termed discrete ungauging which is studied in [28] Claim 3 (Orbifold Coulomb Branch for Rank 1 Short Ungauging Schemes): Let Q be a 3d N = 4 quiver consisting solely of gauge nodes with a single non-simply laced edge of multiplicity k. Further, let Q have k s rank 1 short nodes. Let us denote by C L the Coulomb branch corresponding to the ungauging schemes on the long side of the quiver. Then, for every choice of ungauging scheme on the short side of the quiver, such that the ungauged node is of rank 1, the Coulomb branch has the form
where the precise action of Z k on C L depends on the choice of the ungauged node.
Claim 3 initiated a broader study of actions on quivers in attempt to understand and reproduce the Kostant-Brylinski results in [1] using 3d Coulomb branches. In the present note, ungauging scheme analysis reproduces four of the nine results in [1] . These are collected in table 1 in anticipation, however, the computations and detailed analysis are contained in later sections. It should be noted, that one more result of [1] is encountered (see table 7 ) in the present note, however, a detailed analysis is contained in the upcoming work [28] . Therein, the authors use the notions of quiver folding [29] and discrete ungauging to understand the remaining results of [1] . In [3] flavored non-simply laced quivers corresponding to single instantons on C 2 [30] are considered. The Coulomb branches obtained in [3] correspond to ungauging schemes on the affine node of the corresponding affine Dynkin diagram. In [31] framed non-simply laced quivers of B-type are studied using both the Hilbert Series methods as well as the supersymmetric partition function on a 3-sphere S 3 .
We demonstrate Claim 1 and Claim 3 using the example of a minimally unbalanced C 3 quiver in section 2. The same program is applied to the affine B 3 and affine F 4 quivers in section 3 and 4, respectively. As a natural next step, in sections 5 and 6 the analysis is extended to quivers with a triple-laced edge using the affine G 2 and twisted affine D quivers, respectively. In section 7 the patterns found in section 2 are used to derive the form of the Coulomb branch HWG for an infinite sequence of minimally unbalanced C n quivers. Section 8 contains a summary of the results as well as a discussion of possible implications of Claim 1 and Claim 3 in the subsequent study of quiver theories. Appendix A contains a brief review of the formulae used in the computation of Coulomb branches. The relationship between the choice of ungauging scheme and the conformal dimension, hence, the resulting Coulomb branch, is discussed in Appendix B.
Ungauging Schemes for C 3
Lets begin with the minimally unbalanced C 3 quiver depicted in equation 2.1 which has an extra unbalanced node (drawn red) connected to the rank 3 long node such that its excess is e = −1. 4
The two nodes on the left in equation 2.1 are short and the two nodes on the right are long, respectively. Since all nodes of the quiver are gauge nodes, in the computation of the Coulomb branch, one of the magnetic charges is set to zero. This is known as the ungauging or decoupling of the center-of-mass U (1). The most natural choice is to ungauge on the unbalanced red node since the remaining balanced part of the quiver forms the C 3 Dynkin diagram which corresponds to the expected global symmetry on the Coulomb branch [16] . The ungauged node shall always be denoted by a squircle . 5 After declaring which node is ungauged (i.e. which node becomes a squircle) one says that a particular ungauging scheme is chosen. Let us begin by ungauging on the rightmost long node. For such choice of the ungauging scheme the quiver is given in equation 2.2.
Excess of a node is defined as e = N f − 2Nc, where N f is the number of flavors and Nc is the number of colors. Quivers with all nodes balanced except for one node with non-zero excess are termed minimally unbalanced. For a complete classification of minimally unbalanced quiver gauge theories refer to [11] . See also (A.7) in Appendix A. 5 When one ungauges on a rank 1 node it follows that the whole node is ungauged, hence, it becomes a flavor node denoted as . On the other hand, ungauging on a node with rank r > 1 fixes the origin in the space of magnetic charges (i.e. introduces a delta function on one of the components of the magnetic flux at the corresponding node). Contrary to the more common use of the word squircle, referring to a square with rounded corners, hereby authors mean a symbiotic co-existence of a circle and a square at a particular node position.
Computation of the unrefined Hilbert series and the corresponding Coulomb branch for the quiver in 2.2 yields
One sees that the Coulomb branch is a freely generated algebraic variety of quaternionic dimension 7. Typically, when the excess is e = −1 and the unbalanced node is connected to a Dynkin node corresponding to a pseudo-real representation, the Coulomb branch is freely generated and one finds a certain embedding. In the case at hand one has: 5) or alternatively, as
where [µ 1 , µ 2 , µ 3 ] denote the highest weight fugacities for Sp (3) . The Highest Weight Generating function 2.6 is revisited in the derivation of the general case in section 6. It can be also obtained from equation (23) in [10] by thinking of 2.2 as the folded version of the quiver in Figure 4 therein for N = 3. By inspection of 2.6 at order t one recognises the 3-rd rank antisymmetric rep of Sp(3) corresponding to the node where the unbalanced node with e = −1 attaches. The balanced part of the quiver contributes with the adjoint rep of Sp(3) at order t 2 , making the C 3 global symmetry manifest. Working out the 2-nd, 3-rd and 4-th symmetric product of µ 3 :
reveals the presence of the singlet at order t 4 , and hence, justifies expression 2.6. Let us now demonstrate the effect of choosing a different ungauging scheme for the quiver in equation 2.1. For this purpose, compute the Coulomb branch for the quiver depicted in equation 2.10, where we choose to ungauge on the rank 3 long node. Again, the ungauged node is denoted by a squircle. Claim 1 implies that the Coulomb branch should be the same as in the previous case since the new ungauging scheme remains on the long side of the quiver. Indeed, the computation yields:
(2.11) Equality of 2.11 and 2.3 is in accord with Claim 1! So far, we have found two identical Coulomb branches for the two long ungauging schemes. Let us now consider a scenario depicted in equation 2.12, where the leftmost short node is ungauged, and accordingly, denoted by a squircle.
In this case one computes the unrefined Hilbert series to be
which clearly describes a different Coulomb branch! From the first term in the denominator, observe that the computed Coulomb branch variety has a 5-dimensional free part. Furthermore, there is a non-trivial part corresponding to a C 4 /Z 2 singularity such that the Z 2 action naturally acts on all the coordinates of C 4 . To show the action explicitly, start with the HWG for the freely generated C 4
where µ 1 is the highest wight of Sp(2). Next, construct the Z 2 projection
resulting in the HWG corresponding to C 4 /Z 2 singularity. Indeed, 2.15 describes a moduli space of one Sp(2) instanton on C 2 [30] . The Coulomb branch obtained for the ungauging scheme depicted in 2.10 takes the form:
Finally, consider the last ungauging scheme by letting the rank 2 short node be ungauged. The corresponding ungauging scheme is shown in equation 2.17. Recall, that the ungauging scheme fixes the origin of the two-dimensional magnetic lattice at the associated node. This is achieved by introducing a delta function which sets to zero one of the magnetic charges at the node.
The unrefined HS computed in this case takes the form: Table 2 . Different choices of ungauging schemes for the minimally unbalanced C 3 quiver. The ungauging scheme in the first row has a simple refined PL given by P L ref = [0, 0, 1] Sp(3) t in terms of the Dynkin labels of Sp(3). The ungauging in the last row yields a non-valid Coulomb branch. and we see that it, indeed, differs from both Hilbert series 2.13 for the quiver in equation 2.12 as well as from expression 2.3 (resp. expression 2.11).
It is important to note that variety described by Hilbert series 2.18, although still being Gorenstein singularity [32] , does not resemble any known form of a hyperKähler moduli space. In this note, we encounter the same problem every time the choice of ungauging scheme involves ungauging on a short node with rank r > 1. This problem stems from the fact that for such ungauging schemes, the monopole formula summation runs over a lattice which is non-conformally scaled (i.e. scaled by 2 in one of its dimensions) and no longer corresponds to the GNO dual lattice of the gauge group at the particular node (i.e. U (2) in the present case). See the derivation in Appendix B.
In summary, we obtained two different Coulomb branches described by the Hilbert series in equations 2.3 (resp. 2.11), and 2.13, respectively. Hilbert series 2.3 (and 2.11) describes a freely generated Coulomb branch. Hilbert series 2.13 describes a Coulomb branch that is a Z 2 orbifold of the former. The number of Coulomb branches for the quiver in 2.1 indeed equals
where k s is the number of short rank 1 nodes of the quiver. Furthermore, on the long side of the quiver, the position of the ungauged node can be arbitrary and one computes the same Coulomb branch C L . Table 2 collects the unrefined expansions of the Plethystic logarithm for the various choices of ungauging schemes. Note that table 2 contains only one of the equivalent long ungauging schemes. All the results in this section suggest the validity of Claim 1 and Claim 3.
Ungauging Schemes for B 3
In this section, we consider the affine B 3 quiver given by 3.1.
It enjoys a Z 2 outer automorphism symmetry which rotates the rank 1 'fork' nodes. There is one rank 1 short node, hence, k s = 1 and one is to find two inequivalent ungauging schemes. The results of the Coulomb branch computation for each ungauging scheme are Ungauging scheme Hilbert Series, HS(t) Coulomb branch, collected in table 3. The Coulomb branches in the first two rows of table 3 correspond to the closure of the minimal nilpotent orbit of so (7) and the highest weight generating function is given by [33] :
where µ 2 denotes the highest weight fugacity for the adjoint representation of SO (7) . The last row of Table 3 corresponds to the closure of the next-to-minimal nilpotent orbit of D 3 ∼ = A 3 [33] . Denote by HS(t) L and HS(t) S the Hilbert series in the first two and in the last row of Table 3 , respectively. Comparison of the volumes of the corresponding varieties yields
where R L , R S denote the associated residues at t = 1. Expression 3.3 indicates 6 n.min
To see the Z 2 action explicitly, first decompose the highest weight fugacity of the adjoint representation of B 3 into the highest weight fugacities of A 3 :
Then, the Z 2 projection is constructed as
where on the right hand side, one recognizes the HWG for n.min 
Ungauging scheme
Hilbert Series, In this section, we study the quiver given by 4.1 which is in the form of the affine Dynkin
The extra affine node (orange) 7 is connected to the adjoint Dynkin node such that its excess is zero and the whole quiver is balanced. There is a single rank 1 short node, hence, k s = 1.
Moreover, the quiver lacks any outer automorphism symmetry, thus, based on Claim 1, admits 2 different Coulomb branches. The various choices of the ungauging schemes as well as the resulting Hilbert series and Coulomb branches are collected in table 4.
In accord with Claim 1 one observes that all three ungauging schemes on the long side of the quiver, grouped in the first three rows of table 4, correspond to the same Coulomb branch. In all of these cases the Coulomb branch is the closure of the minimal nilpotent orbit of f 4 algebra which is known to correspond to the reduced moduli space of one F 4 instanton on C 2 [3, 34] . The resulting HS matches (5.44) in [30] and the HWG is known to have the form:
where µ 1 denotes the adjoint highest weight fugacity of F 4 . The remaining two cases, grouped in the last two rows of table 4, result from ungauging schemes on the short nodes.
In particular:
• For the ungauging scheme in the fourth row of table 4, we encounter the same problem as in the previous sections due to the non-conformal scaling of the GNO dual lattice and the space computed by monopole formula techniques is not a valid Coulomb branch.
• The ungauging scheme in the last row of table 4 yields a quiver which enjoys B 4 global symmetry and the Coulomb branch corresponds to the closure of the 16-dimensional next-to-next-to minimal nilpotent orbit of so(9) algebra [33] . To see the orbifold action explicitly, first inspect that the F 4 adjoint highest weight fugacity decomposes Quiver Hilbert Series, HS(t) Coulomb branch , as
where on the right hand side, µ 2 , µ 4 are the fugacities for the highest weights of B 4 . Next, construct the explicit Z 2 projection .5 is the seventh result of Kostant and Brylinski [1] . Some unrefined results in this section appear in [35, 36] .
Ungauging Schemes for G 2
As a natural step, we now extend our analysis to quivers with a triple laced edge. Let us first study the affine G 2 quiver given by 5.1. Since k s = 1, and with the lack of outer automorphism symmetry, two different Coulomb branches are expected to exist.
The summary of results for various ungauging schemes is given in table 5. Let us analyze the three different ungauging schemes contained in table 5:
• For the ungauging on one of the long nodes in the first row of table 5, the Coulomb branch corresponds to the closure of the minimal nilpotent orbit of g 2 algebra, hence, to the reduced moduli space of one G 2 instanton on C 2 [3, 30, 34] . The highest weight generating function has the form:
2)
where µ 1 is the fugacity for the highest weight of the adjoint representation of G 2 .
• Ungauging scheme in the second row yields the same Coulomb branch described by the same Hilbert Series. This is in accordance with the prediction of Claim 1.
• Finally, third row depicts the ungauging scheme in which the short node is ungauged. According to Claim 3 the Coulomb branch takes the form of Z 3 orbifold. To see this explicitly, start with HWG 5.2 and decompose the highest weight of the adjoint representation of G 2 :
where on the right side, µ 1 , µ 2 are the highest weights fugacities of A 2 . The Z 3 projection is constructed as:
where ω employs the cyclic Z 3 action, satisfying ω 3 = 1. After the Z 3 projection the Highest Weight Generating function for the last row of table 5 is obtained:
where µ 1 , µ 2 denote the fugacities for the highest weights of A 2 .
One can also work out the comparison of the volumes of the two valid Hilbert series in table 5 in a similar fashion as in [16] and 3.3 in section 3:
where ord() denotes the order of the group. Subscripts S and L in equation 5.6 denote Hilbert Series corresponding to the short versus long ungauging schemes, respectively. The analysis shows that C S is isomorphic to the closure of the maximal nilpotent orbit of sl 3 algebra, denoted by max A 2 : non-valid Now, consider the twisted affine D
4 quiver depicted in 6.1. The quiver lacks any outer automorphism symmetry and k s = 1 therefore two valid Coulomb branches are anticipated.
The three different ungauging schemes and the corresponding HS and C are collected in table 6. In particular, the analysis shows:
• The ungauging scheme on the long side of the quiver, depicted in the first row of table 6, yields a Coulomb branch denoted by min D 4 which is known to correspond to the closure of the minimal nilpotent orbit of so(8) algebra [30] . Moreover, in terms of the Highest Weight Generating function we have
where µ 2 denotes the highest weight fugacity for the adjoint of D 4 .
• Ungauging scheme in the second row of table 6, with ungauging on the rank 2 short node, produces a non-valid Coulomb branch as one again encounters the problem with the non-conformal deformation of the GNO dual lattice of the U (2) gauge group.
• Ungauging scheme depicted in the third row of table 6 produces a five-dimensional Coulomb branch denoted by C D (3)   4 . This is a variety of characteristic height 3, therefore it is beyond the characteristic height 2 family of nilpotent orbits [34] . The obtained space is included in the Achar-Henderson analysis (see Table 6 in [37] ). In order to derive the HWG, first decompose the highest weight fugacity of the adjoint representation of D 4 into:
where on the right hand side ν 1 , ν 2 denote the highest weight fugacities of G 2 . After expressing the HWG 6.2 in terms of the G 2 fugacities, there is also an adjoint contribution appearing at order t 4 : Table 7 . Ninth Kostant-Brylinski Result, Corresponding Coulomb Branch Quivers, Action and Dimension. The ⊃ adj is used to denote an adjoint node ( [15, 16] ). The action of the permutation group of three elements is denoted by S 3 .
Next, construct the Z 3 projection explicitly
where ω, satisfying ω 3 = 1, employs the Z 3 action similarly to 5.4. Evaluating 6.5 yields the Highest Weight Generating function for C D (3) 4 in terms of the fugacities for the highest weights of G 2 :
Since the space C D Both the necessary volume comparison, similar to 3.3 and 5.6, as well as the explicit HWG computation 6.5 imply the orbifold relation 6.8. , the commutative diagram is obtained in the analysis of discrete gauging [15, 16] . The quiver for the sub-regular orbit of G 2 (depicted on the right side in table 7) is studied in detail in [15, 16, 34, 38] and the HWG has the form: where ν 1 and ν 2 denote the highest weight fugacities for the adjoint and fundamental representation of G 2 , respectively. HWG 6.9 can be obtained from 6.6 by explicit Z 2 projection which acts non-trivially only on ν 3 2 t 6 and ν 1 t 4 terms:
One could also obtain HWG 6.9 by starting with Coulomb branch for the closure of the next-to-minimal nilpotent orbit of B 3 shown on the right side of the commutative diagram in figure 1 . The corresponding Highest Weight Generating function takes the form [16, 33] :
where λ 2 and λ 1 are the highest weight fugacities for the adjoint and vector representations of SO (7), respectively. First, use HWG 6.11 to obtain the refined Hilbert Series corresponding to n.min B 3 . Furthermore, project from the SO(7) to the G 2 lattice to obtain a refined HS which is now written in terms of fugacities for the fundamental weights of G 2 . Using the newly obtained HS, compute the corresponding HWG. In terms of the G 2 highest weight fugacities ν 1 , ν 2 , one finds
Next, to employ the desired Z 3 action using ω, similarly to 5.4 and 6.5 preform the averaging of 6.12.
As before, the action naturally leaves invariant the terms involving only the adjoint fugacity ν 1 . In addition, the ν 2 2 t 4 term is also invariant under the action. Finally, evaluating the Z 3 averaging in 6.13 yields the HWG given by 6.9. In summary of the last two sections, the Coulomb branch results for the affine G 2 and twisted affine D 
n.min F 4 Table 8 . Different choices of ungauging schemes for the minimally unbalanced C n sequence. 5 and 6 both lack any outer automorphism symmetry and both have k s = 1 (i.e. a single rank 1 short node). Indeed, as expected, one finds 2 different Coulomb branches per each quiver. Finally, orbifold relations 5.7 and 6.8 provide further evidence for Claim 3.
Ungauging Schemes and HWG for C n Sequence
After having established Claim 1 and Claim 3 in the previous sections, we are in a position to proceed towards some generalizations. Recall that in section 2 two different Coulomb branches have been found for a minimally unbalanced C 3 quiver. Let us now consider a more general theory depicted in 7.1 termed the minimally unbalanced C n sequence.
The various ungauging schemes are collected with their respective Hilbert Series and Coulomb branches in table 8. Recall that on the long side of the quiver it suffices to show only one of the long ungauging schemes as the other choices are equivalent. Also note that the invalid ungauging schemes (i.e. ungauging on a rank r short node with r > 1) are omitted. The Coulomb branches corresponding to the long and short rank 1 ungauging schemes are denoted by L n and S n , respectively. Moreover, according to Claim 3 one expects the orbifold relation 7.2 holds.
First, lets study the long ungauging scheme for n = 4.
Observe that for n = 4 one obtains the twisted affine E
6 quiver with Coulomb branch corresponding to the space of one E 6 instanton on C 2 , or equivalently, to the closure of the minimal nilpotent orbit of e 6 algebra [34] . The Highest Weight Generating function written in terms of the highest weight fugacity for the adjoint representation of E 6 takes the simple form [34] :
3)
The ungauging scheme in the lower part of table 8 produces an orbifold Coulomb branch  (see section 2 for the case n = 3). For n = 4, one obtains the closure of the next-to-minimal nilpotent orbit of f 4 algebra, with the Highest Weight Generating function [34] :
where ν 1 and ν 4 are the highest weight fugacities for the adjoint and fundamental representations of F 4 , respectively. To identify the Z 2 action explicitly, first decompose the highest weight fugacity for the adjoint of E 6 in terms of the F 4 fugacities:
The Z 2 projection is then constructed as where µ 1 , µ 2 , µ 3 , µ 4 denote the highest weight fugacities of C 4 . As a result, one obtains the Highest Weight Generating function in terms of the C 4 highest weight fugacities:
Inspection of HWG 2.6 in section 2 and HWG 7.9 suggests generalization for any value of n which is given by 7.10.
where [µ 1 , . . . , µ n ] denote the fugacities for the highest weights of Sp(n). Prediction 7.10 has been tested for n up to 5. Note that HWG 7.10 can also be obtained as a 'folding' of the quiver in Figure 4 of [10] upon setting N = 4. A general formula for the HWG for the quotient space S n , corresponding to the short ungauging scheme depicted in the lower part of table 8, turns out considerably more difficult compared to 7.10 due to smaller global symmetry of the Coulomb branch.
Conclusions and Prospects
This note demonstrates that the Coulomb branch of a non-simply laced quiver varies depending on the ungauging scheme (i.e. the choice of node where a U (1) symmetry is ungauged). All ungauging schemes on the long side of the quiver yield the same Coulomb branch C L described by the same Hilbert Series. Short ungauging schemes (i.e. those which involve ungauging on short nodes of the quiver) do not in general correspond to a valid Coulomb branch (See Appendix B) except when they involve ungauging on a rank 1 node, in which case, the Coulomb branch takes the form:
where k is the multiplicity of the non-simply laced edge (i.e. n = 2 for double-laced edge, n = 3 for triple-laced edge, and so on). Generally, for quivers in the form of an affine Dynkin digram, ungauging the affine node (which is long in all non-simply laced cases) leads to the simplest Coulomb branch -corresponding to both the reduced moduli space of one G instanton on C 2 as well as to the closure of the minimal nilpotent orbit of the corresponding Lie algebra g.
Remarkably, the ungauging scheme analysis reproduces the mathematical results of Kostant-Brylinski [1] contained in table 1 in terms of 3d Coulomb branch quivers. Generally, Coulomb branch quivers provide intuitive ways to understand the orbifold relations between moduli spaces thanks to their graph theoretic nature and owing to the powerful methods developed for the study of moduli spaces of supersymmetric gauge theories.
Follow-up future work might include:
• Understanding the remaining results of Kostant-Brylinski [1] in terms of three-dimensional Coulomb branch quivers [28] .
• Carrying out the ungauging scheme analysis for all minimally unbalanced quivers [11] with single non-simply laced edge and at least one rank 1 short node. By doing so, one can exhaust all cases of Coulomb branches with finite Dynkin diagram global symmetry which are related by an orbifold action. Such classification is the subject of ongoing development [39] .
• Carrying out the ungauging scheme analysis for quivers with two or more non-simply laced edges. For this purpose, one could start amid quivers contained in the exotic classification of non-simply laced minimally unbalanced quivers [11] .
As hinted by result 6.8, there are more cases of orbifold relations between 3d Coulomb branches yet to be discovered.
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A Monopole Formula
Moduli spaces of 3d N = 4 quiver gauge theories have two distinct phases known as the Coulomb branch (where the gauge group is broken to its maximal torus) and Higgs branch (where the gauge group of the theory is either fully or partially broken). When the scalars in the vector multiplet assume vacuum expectation values (vevs) and the scalars in the hypermultiplet are all zero, we are on the Coulomb branch of the moduli space. On the other hand, if only the scalars from hypermultiplets assume non-zero vevs and the vector multiplet scalar vevs are vanishing one probes the Higgs branch of the moduli space. For most good theories in the sense of [40] the Coulomb branch (and also the Higgs branch) is a hyperKähler variety which can be described by its ring of holomorphic functions. The information about the variety is encoded in a Hilbert Series which succinctly enumerates holomorphic functions in the coordinate ring. A one-to-one correspondence exists between holomorphic functions in the moduli space and gauge invariant BPS operators in the chiral ring of a quantum field theory. The monopole formula used for counting these operators, developed in [2] , takes the form:
where G is the gauge group of the theory and m denotes the magnetic charges (see [41] ) which take values in the magnetic lattice:
where (Γ G ) * is the lattice dual to the weight lattice of G. It defines a new weight lattice of a new groupĜ, which is the GNO dual of G [41] . WĜ is the Weyl group ofĜ. J(m) denotes the topological charge counted by the fugacity z. The dressing factor P G is a generating function for Casimir invariants of the unbroken gauge group. ∆(m) is the conformal dimension which coincides with the R-charge of the monopole operators. The conformal dimension, obtained using a radial quantization is [42] :
The two terms of the conformal dimension formula ∆(m) V and ∆(m) H account for vector multiplet and hypermultiplet contributions, respectively. ∆ + is the set of positive roots of the gauge group. Hypermultiplets transform in representations R i with weights ρ i . For a more detailed exposition of the monopole formula, see [2] . To treat non-simply laced quivers, a modification of the hypermultiplet contribution to the conformal dimension ∆(m) H , introduced in [3] , takes the following form:
where ρ i is the irrep corresponding to the hypermultiplets assigned to the edge between two nodes U (N 1 ) and U (N 2 ). Setting λ = 1 recovers the formula for a simple laced quiver, λ = 2 is used for a double laced edge, λ = 3 for a triple laced edge, and so on. The direction of the edge points from N 1 to N 2 . m (1) and m (2) denote the magnetic fluxes for U (N 1 ) and U (N 2 ), respectively. The function which enumerates the Casimir invariants of the residual gauge group of U (N ), which is left unbroken by the configuration of magnetic charges, has the form:
where σ(k)(m) encodes the various configurations of the gauge symmetry breaking in form of a partition. As a simple example, for a U (2) gauge symmetry and magnetic charges m = (m 1 , m 2 ) the dressing factor is:
In order to use the monopole formula, there are certain restrictions for the conformal dimension, yielding the good, bad, or ugly classification of 3d N = 4 gauge theories of Gaiotto-Witten [40] . These restrictions translate into the balancing of the quiver nodes. In particular, for ADE quivers, the balance of a particular U (N i ) gauge node is defined as [33] :
For BCF and G quivers, the long node directly adjacent to the NSL edge gets double and triple the contribution from the node on the other side of the NSL edge, respectively. A quiver is said to be balanced iff the balance of all its nodes is zero. If one or more nodes in the quiver have positive balance the quiver is said to be positively balanced. A quiver with a single unbalanced node is termed minimally unbalanced [11] . The present work only concerns balanced and minimally unbalanced quivers. For such quivers the conformal dimension satisfies ∆(m) > 0 for all m ∈ ΓĜ, which guarantees that the monopole formula can be applied to calculate the Coulomb branch of the moduli space. 8 where δ(e 1 ) signifies that the ungauging scheme requires one of the magnetic charges on the long e node to be set to zero. To see what happens when a different ungauging scheme is chosen such that we ungauge on the d node, lets shift the magnetic charge vectors The difference between the hypermultiplet contributions to the conformal dimensions for the ungauging schemes on the long side versus on the short side of the quiver i.e. B.2, B.5 versus B.8, B.10 and B.12 boils down to the scaling of one of the axis of the discrete magnetic lattice at the respective node. In general, the magnetic lattice over which the monopole formula summation runs is squashed by this scaling in a non-conformal manner and produces a lattice that does not belong to any family of semi-simple Lie algebra lattices -hence it is not a valid magnetic lattice of the gauge group at the particular node. This means that the Coulomb branch for such choices of ungauging schemes is not a well defined object. However, if a short rank 1 node is ungauged (i.e. r a = 1), the discrete magnetic lattice at that node is one-dimensional to start with, in particular, it is Z since the gauge group is U (1). The effect of the rescaling of the lattice due to the choice of short ungauging scheme is that: Z −→ kZ, where k is the multiplicity of the non-simply laced edge. Now, the monopole formula summation runs over every k-th point compared to the summation for any long ungauging scheme. Hence, the computed Coulomb branch is of the form:
B Choice of Ungauging Scheme and the Conformal Dimension
This provides a schematic proof of Claim 3.
